In this note we provide an elementary proof of the fact that the ring
Introduction
Let θ = (1 + i √ 19)/2 ∈ C and
We have θ 2 − θ + 5 = 0 and A is a sub-ring of C. Sinceθ = 1 − θ, A is invariant by complex conjugation.
It is well-known that every Euclidean domain is a principal ideal domain (PID for short). There are a lot of attempts to simplify the proof of the fact that A is a PID which is not a Euclidean domain, like [7] , [6] , [1] , and more recently [8] . There are many other proofs in the literature. I have not found yet any book for undergraduate students that treat this example, however it shows that the two notions the Euclidean domain and the PID are distinct. The aim of this note is to provide an elementary proof which can be taught for undergraduate Algebra students.
A is not a Euclidean domain.
We recall that an integral domain A is called a Euclidean domain if there exists a map ϕ :
For all a, b ∈ A with b = 0, there exist q, r ∈ A such that a = bq + r, with r = 0 or ϕ(r) < ϕ(b).
Hence the units of A are ±1. By the same argument, 2 et 3 are irreducibles in A. In fact, the equations
haven't any solution in Z.
In the literature there are several versions of the following result:
Theorem 2.1. Let A be an integral domain which it is not a field. If A is a Euclidean domain, then there is a non-zero non-unit element m of A such that, for all a ∈ A, m | a − u with u is zero or a unit.
Proof. Suppose that A is a Euclidean domain. Let m ∈ A which has the smallest norm among non-zero and non-units elements of A. Let a ∈ A. We have a = mq + r with r = 0 or ϕ(r) < ϕ(m). Then r is either zero or a unit.
is not a Euclidean domain.
Proof. We suppose that our ring A is a Euclidean domain. Let m such in Proposition 2.1, and we consider a = 2. Then m divide one of 1, 2, 3, therefore m = ±2, ±3 (Since 2 et 3 are irreducibles). Now we consider a = θ. Then m divide one of θ, θ + 1, θ − 1. It is easy to verify that none of these are divisible by 2 or 3.
A is a PID.
We recall that an integral domain is a principal ideal domain (PID for short) if every ideal is principal. Let A be a UFD (Unique Factorization Domain). In the factorization of a ∈ A * into irreducibles elements, the number of these elements is called lenght of a, and is denoted len(a). If a is zero or a unit, we set len(a) = 0. If a, b ∈ A * such that b does not divide a in A, then GCD (greatest common divisor) d of a and b satisfy len(d) < len(b). The existence of the Dedekind-Hasse norm on A implies A is a PID, and the converse for A is a ring of algebraic integers, are due to V. H. Hasse [4] . The generalization for every ring is contained in [3, Theorem 1].
Proof. We give here a very simplified proof. The direct implication is inspired by the case where A = Z. It suffices to take N (a) = len(a) for all a ∈ A * . For the converse, the well-known proof of "Euclidean imply PID" works here. Proof. The proof we give here, which is an adaptation of that of [5, Proposition 5.3] , greatly simplifies all the proofs given in the literature including that of [2] . Let a, b ∈ A * such that b doesn't divide a. Let
with x, y ∈ Q, and n = [y] the whole party of y.
If y / ∈]n + 1 3 , n + 2 3 [. Let k et l the nearest integers to x and y respectively.
Then |k − x| ≤ 1 2 and |l − y| ≤ 1 3 . Set q = k + lθ ∈ A. Therefore
If we set r = a − bq = 0 we have N (r) < N (b). Hence 2a = bq + r et N (r) < N (b).
